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Abstract: We prove global well-posedness for the cubic, defocusing, non- 
linear Schrodinger equation on with data uq G H'^CR?), s > 1/4. We 
accomplish this by improving the almost Morawetz estimates in [9j . 

1 Introduction 

The cubic, defocusing, nonlinear Schrodinger equation on R^, 



iut + Au = \u\'^u, 



(1-1) 



u{0,x) = uo{x) G H'(R^), 

has been the subject of a great deal of research in recent years. It was 
proved in [3] that for any s > 0, (jl.ip has a local solution on some interval 
[0,T], TdltiollHs) > 0. Moreover, for a solution to fail to extend to a global 
solution, but instead exist only on a maximal interval [0,T^), 

^hm ||u(t)||^^.(R3) = oo. (1.2) 

The first progress to proving the existence of a global solution was proved 
in [3]. 

Theorem 1.1 (I j. ip has a global solution for uq G H^(R?). 
Sketch of Proof: (jl.ip has the conserved quantities 

M{u{t))= J \u{t,x)\'^dx = M{u{0)). (1.3) 
E{u{t)) = ^j \Vu{t,x)\'^dx + ^ j \u{t,x)\'^dx = E{u{0)). (1.4) 
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Combining this fact with the Sobolev embedding theorem imphes E{u{0)) < 
ll^oll//i(R2)- Since ([131) is positive definite, this imphes 11^1 ^ C(||^o||2)IKo||^i 
for ah time. Thus there exists a solution for all time. □ 



The reader will notice there is a gap between the regularity necessary to 
prove local well-posedness (s > 0), [3] and the regularity needed in Theorem 
ll.ll to prove a global solution, [3|. Many have undertaken to close this gap. 
The first progress was made in [2j. 

Theorem 1.2 If uq G H^^R?), s > 3/5, then (jj.jp has a global solution of 
the form 

u{t,x) = e'^^UQ +w{t,x), 

1 o (1-5) 
w{t,x) eH\-R^). 

In this case the method of proof was the Fourier truncation method. Take 

0(6 e Co-, 

1, iei<i; 

0, iei>2. 



(1.6) 



Then split the initial data into low frequency and high frequency compo- 
nents. 

MO = 0(|)no(O + (1 - Hj^)MO = MO + n^iO- 

Since ^ -^^^^IKoIIh") the equation 

ivt + Av = \v\'^v, 
v{0,x) = ui, 

has a global solution with 

Eiv{t,x))<N^-^^\uo\\H.^n^y 

Also, if s > 3/5, the equation 

iwt + Aw = \v + w\'^{v + w) — \v\'^v, 
'w{0,x) = Uh, 

has a solution on [0, T] of the form 

e'^^Uh + q{t,x), 



(1.7) 
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q{t,x) e H^(R^) yt. 
This approach was modified in [6j to produce the I-method. The I-operator, 

In : H'(R^) ^ H^-R^), (1.8) 
is the smooth, radial Fourier multipHer 

w(0 = "^iv(e)/(0, 

1, for < iV; (1-9) 



when 1^1 > 2N. 



^ at; 

From this point on, we will understand that / refers to the I - operator I^- 

\\If\\miK^)<N'-mHHii^), 

ll/lk»(R2) < l|//lki(R2). 

Therefore, if 

E{Iu{t)) = ^j \VIu{t,x)\^dx + ^ j \Iu{t,x)\'^dx, 

was a conserved quantity then the existence of a global solution would follow 
for any s > 0. This is not the case, however. Instead, it was proved in [6j 
that 

Lemma 1.3 If E{Iu{t)) < 1, then there exists (5 > such that 

sup \E{Iu{t)) - E{Ium < 0{-^). (1.11) 

This implies global well-posedness for uq E II^(R?), s > 4/7. Subsequent 
papers (see [8], [5], [9]) have decreased the necessary regularity to 

Theorem 1.4 (j j.ip has a global solution for uq G i/*(R^), s > 1/3. 

This was proved by combining the I-method, a modified energy functional, 
and almost Morawetz estimates. The method will be described in more de- 
tail in the subsequent sections. In addition, the almost Morawetz estimates 
will be improved, thus improving Theorem 11.41 to 

Theorem 1.5 (| i. ip has a global solution for uq G H^CR?), s > 1/4. 
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In §2 the modified energy functional of [8j will be recalled, as well as a 
modified local well-posedness theorem. In §3, the Morawetz inequality for 
u{t,x) will be proved (originally proved in [5]), 



II ||4 ^ T^l/3|| ||3 II II , T^l/3|| 1(4 

ll^llL4^{[0,r]xR2) ^ ll'"0|lL2(R2)lFllLj«([o,T],i/i{R-^)) ll'"0 |Il2(R2) • 

(1.12) 

In §4, the known almost-Morawetz estimate in [9] for Iu{t, x) will be im- 
proved. Finally, in §5, this improvement will be used to prove Theorem 
fT31 

2 Modified Energy Functional 

In this section the known results concerning the modified energy functional 
will merely be stated. All of these results have been proved before (see [.8j 
and [¥]). If u{t,x) solves (jl.ip . then Iu{t,x) solves 

ilut + !Mu = I{\u\^u). (2.1) 

If the nonlinearity was of the form \Iu'\^{Iu), then E{Iu{t)) would be con- 
served. However, since \Iu\^Iu ^ /(|npu), 

dtE{Iu{t)) = 2Re J {Iutit,x)){I{\u{t,x)\'^u{t,x)) - \Iu{t,x)\'^Iu{t,x)}dx. 

(2.2) 

The change in energy decreases as iV — > oo. 

Theorem 2.1 If E{lu{0)) < 1, then there exists 6 > such that 

\E{Iu{t)) - E{Ium\ < 0{j^), (2.3) 

forte [0,5]. 
Proof: See |6j. 

In [8], the authors proved the existence of a modified energy functional 
E{u{t)) satisfying the properties: 

1. E(u{t)) has a slower variation than E{Iu{t)). 

2. E{u{t)) is close to E{Iu{t)) in the sense that E{Iu{t)) can be con- 
trolled by E{u{t)). 
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Proposition 2.2 There exists a modified energy functional E satisfying the 
fixed time estimate, 

\E(u{t)) - E(Iu{t))\ < ^||/u(t)||^i(j,2). (2.4) 
Proof: See §4 of [S]. 

Proposition 2.3 E{u{t)) has the energy increment for a time interval J, 



Ql/2 Y 1 

snvE{u{t))-E{u{a))\ < + + (2.5) 



Proof: See §7 and §8 of [8j. 

The norm will not be defined in this paper, because it will not be 

needed. 

Proposition 2.4 Assume that 

sup E {I u{t)) < 2, (2.6) 
teJ 

and for some e > 0, 

II^'"IIl4JJxR2) < e- (2-7) 



then 



I snpEiuit)) - E{u{a))\ < ^ + ^ + (2i 



In particular, taking 9 = jj implies 



N 

sup \E{u{t))-E{u{t'))\<^. (2.9) 



Proof: See §4 of [9]. 
Theorem 2.5 Let 

||(V)/no||L2(R2) = 1 

and 
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\Iu{t,x)fdxdt < Ho, (2.10) 

for some /Uq > sufficiently small. Then (ji.jp is locally well-posed on [0, T] 
and 



Zi{Jk,u)= sup IKV)/u(t,x)||i^.ir(j^xR2) < C*- (2-11) 

{g,r) admissible 



(g, r) is an admissible pair if 



2 1 1, 

- = 2( 

q ^2 



and q > 2. 

Proof: See §3 of [5]. 

3 Morawetz inequalities 

In this section we will recall the proof of the following Morawetz inequality 
from [5]. This recollection will be useful for the arguments given in the next 
section. 

Proposition 3.1 Ifu{t,x) solves (li. ip then 



\u{t,x)\\j^4 ([o,T]xR2) ~ ^^''^II^o|li2(R,2)||'u(t,a;)||^oo([o,T],ifi(R^))+-^^''^"'"° 

(3.1 
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L2{R2)- 



Proof: Suppose that v{t,z) solves the partial differential equation 

ivt + A^v = F. (3.2) 

Then define the quantities 



Tojit, z) = 2Im{u{t, z)dju{t, z)), (3.3) 



Ljkit, z) = -djdki\u\^) + AReidju{t, z)dku{t, z)). (3.4) 
These quantities obey the relation, 
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dtToj + dkLjk = 2{F{t, z)dju{t, z) - u{t, z)djF{t, z) 
+F{t, z)dju{t, z) - u{t, z)djF{t,z)). 

Let v{t, z) be a tensor product of solutions to (jl.ip on x R^, 



+4 / z)djv{t, z) - v{t, z)djF{t, z) 



(3.5) 



{ui ®U2){t,z) = ui{t,x)u2{t,y) = v{t,z), (3.6) 

ivt + Av = idt{ui{t,x))u2{t,y) + iui{t,x)dt{u2{t,y)) 

+(Ax.ni(t, x))u2{t, y) + ui(t, x){\u2{t, y)) (3.7) 
= \ui{t,x)\^ui{t,x)u2{t,y) + \u2{t,y)\^ui{t,x)u2{t,y). 
Define the Morawetz action, 

2(t) = 2 I Va(z) ■ Im(iJ{t^Vv{t, z))dz, (3.8) 



dtM^^ it) = '^J dja{z)dtToj{t, z)dz, (3.9) 
following the convention that repeated indices are summed. 

dtM^Ht) = 2 [ djdkk{\v\^)dja{z) (3.10) 



8 / dkRe{djv{t, z)dkv{t, z))dja{z)dz (3-11) 

(3.12) 



+F(t, z)djv{t, z) - v(t, z)djF{t, z)}dja{z). 

Let v{t,z) = u{t, x)u{t,y), where u solves (jl.ip . Take the term ()3.10p first. 

2 / djdkki\v{t,z)f)dja{z) = -2 [ \v{t,z)WAAa{z))dz. 



Now let a{z) = a{x,y) = f{\x — y\), where / is a smooth, convex function. 
Let 

lOOx, if |x| > M. 
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For Ix - 2/1 < ^ 



and for \x — y\ > M, 



n{-AAa{x,y))\u{t,x)\'^\u{t,y)\'^dxdydt = [ [ \u{t,x)\'^dxdt 

f-T 

\u{t, x) 1^ |n(t, y)\^dxdydt. 



Since M will be large, |Va(z)| is uniformly bounded on R'^ x R*^, and 



/R2xR2 

>2 ^ -02 



< 



\M^\t)\ = 2| / Va(z) • Im{v{t, z)\7v{t, z))dz\ 

yR2xR2 



Ikl ^) llif^ ([0,T],L2(R2)) 11^2 (i, y) II ([0,T],Hi(R-')) ""^ y) IIl?°([0,T],L2(r2)) 



+ ||?^2(t,y)|lij>o([o,T],L2(R2))||Ml(t,x)||^cc([o_2.]^^l(R^2))||'Wl(i,a;)||ic«(^ 

This implies, 

[ [ \u{t,x)\Uxdt + Oi^) [ [ \uit,x)\^\uit,y)\^dxdydt 

+mBi + < ikoiii2(R2)iinii^^.„^i([o^y]^j,3). 

(3.14) 

The proof will be complete once we prove (j3.1ip and (j3.12p are positive. 
Lemma 3.2 Let f be a convex function. Then 

djdka{z), 

gives a positive definite matrix for all z G R^ x R^ if a(z) = f{\x — y\). 



Proof: 

\x — \x — y\ \x — 

Take the inner product defined by this matrix. 



/ iAx-y)j{x-y)k. f"{\x-y\) 2 

{zjZklf i\x - y\) ^ — 72 ) = —^ • [X - y)) 

\x — 2/1^ \x — 2/1^ 



\x — y\ \x — ~ 1^; — y| ' 

^'^''^ \x-y\ ^^'^= \x-y\ ■ 
This proves the lemma. □ 

In particular, after integrating by parts, (j3.1ip > 0. 
To evaluate (j3.12p . without loss of generality take j = 1. 



F{t, z)div{t, z) - v{t, z)diF{t, z) 



|n(t, y)\ u{t, x)u{t, y)di{u{t, x)u{t, y))-u{t, x)u{t, y)di{\u{t, y)\ u{t, y)u{t, x)) 



+ \u{t, x)\ u{t, x)u{t, y)di{u{t, x)u{t, y))—u{t, x)u{t, y)di{\u{t, x)\ u{t, y)u{t, x)). 



\u{t,y)\ u{t,x)u{t,y)di{u{t,x)u{t,y))-u{t,x)u{t,y)di{\u{t,y)\ u{t,y)u{t,x)) = 0. 



\u{t, x)\ u{t, x)u{t, y)di{u{t, x)u{t, y))-u{t, x)u{t, y)di{\u{t, x)\ u{t, y)u{t, x)) 



\u{t, x) I u{t, x)u{t, y)di{u{t, x)u{t, y))-\u{t, x) \ {u{t, x)u{t, y))di {u{t, x)u{t, y) 
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= ^d,{\u{t,x)\Mt,y)n 

Similarly, 

Fd^^ - udj" = ^di{\u{t,x)\'^\u{t,y)\^). (3.15) 

Make a similar calculation j = 2, 3, 4, although when j = 3 or 4 switch x 
and y in (j3.15p . Therefore, (j3.12p is a sum of terms of the form 

T 

dj{\u{t, x)\'^\u{t, y)\^)aj{z)dxdydt, 



JR2 Jn? 



when j = 1,2 and 



(9j(|u(t,y)| )aj{z)dxdydt, 

iR2 JR2 

when j = 3, 4. Integrating by parts and noticing 

\x — la; — 7/| \x — 

proves ()3.12p > 0. Combining terms, 

— I I \u{t,x)\'^dxdt < suY>\\u{t,x)\\l\\u{t,x)\\^i+0{—^)su^\\u{t,x 
Jo JR2 [0,T] [o,r] 

Choosing M = T^/^ proves the proposition. □ 

4 Almost Morawetz Inequalities 

In this section, the almost Morawetz estimate in 0, [9] will be improved. 
For uq with regularity below s = 1, if u{t, x) solves (jl.ip then Iu{t, x) solves 

ilu{t,x) + AIu{t,x) = I{\u{t,x)\^u{t,x). (4.1) 
Proposition 4.1 Define the quantity 

Zi{[0,T])= sup \\{D)Iuh^^Lri[o,T]xn^)- (4-2) 

{q,r) admissible 
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1/3 4 ,^1/3VM^ ^^-^^ 

fe 

where Jk is a partition of [0, T] . 
Proof: Split the nonlinearity 

F = I{\u{t, x))J«(i, y) + Iu{t, x)I{\u{t, y)\''u(t, y)) = Mg + Mb, 

Mg = \Iu{t,x)flu{t,x)Iu{t,y) + \Iu{t,y)\'^Iu{t,x)Iu{t,y), 
Mb = F-J\fg. 

(4.4) 

After taking a tensor product of solutions v{t,z) = Iu{t,x)Iu{t,y), repeat 
the procedure from §3 to obtain 



-2 r \v{t,z)\'^{AAa{z))dz 
Jo 



+8 J Re{djv{t, z)dkv(t, z))dz 

+4 J {F{t, z)djv{t, z) - v{t, z)djF{t, z) 

+F{t, z)djv{t, z) — v{t, z)djF(t, z))dja{z)dz 

= Ma{T) - M„(0) 



(4.5) 



Once again, the second term 8 J Re{djv{t, z)dkv{t, z))dz is strictly positive 
and can be discarded, as well as the parts of the third term with Ap in place 
of F. Therefore 



/o 

rT 



_^jni/3 j J g^^Q.y(j^^ z) - v(t, z)djj\fb + Mbdjvit, z) - v{t, z)djMb)dja{z)dz 

(4.6) 

To handle 

z) — v{t, z)djj\fb + J\fbdjv{t, z) — v{t, z)djj\fb)dja{z)dz 
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it suffices to handle terms of tlie form 



as well as terms of the form 



/ / Va- {^^b)Vv{t,x)dzdt, (4.7) 



Va • (yAfb)v{t, z)dzdt. (4.8) 

Integrating by parts in x, (j4.8p is a sum of terms of the form (j4.7p . along 
with terms of the form 



Aa{z)J\fbit,z)v{t,z)dzdt. (4.9) 



(1121) will be tackled first. 



Va • {J\fb)Vv{t, z)dzdt 
is a sum of terms of the form 

Mb{t, z)\Iu{t, y) \\VIu{t, x)\dxdydt. (4.10) 



Mb = Iu{t,x)[I{\u{t,y)\^u{t,y)) - \Iu{t,y)\^ Iu{t,y)] 
+Iu{t,y)[I{\u{t,x)\^u{t,x)) - \Iu{t,x)\^Iu{t,x)]. 

This implies 



(BinD < \\I{Ht,x)\^u{t,x)) - \Iu{t,x)\^Iu{t,x)\\L^^LliJ^^^^)Zl{Jkf- 

(4.11) 

The quantity 

\\I{\u{t,x)\^u{t,x)) - \Iu{t,x)\Hu{t,x)\\LiLl (4.12) 

can be estimated by making a Littlewood-Paley partition of n(t, x). Define 
a quantity F{t,^) 

F{t, = / [m(ei + 6 + 6) - m(6)m(e2)m(6)] 
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Suppose u{t, ^i) is supported on the frequency region ~ Ni, and without 
loss of generaUty suppose Ni > N2 > N^. Consider four regions separately. 

Ni « N : In this case the multipliers m{^i) = 1, so 
[m(0 - m(Ci)m(6)m(^3)] 



0. 



N2 « N < Ni: By the fundamental theorem of calculus, 

m(6 + 6 + 6) - < 16 + 61 Vm(ei). 
Vm(6) < ±_ 

< ^l|VM||,3,e||VI.2||.3,a||/.3k3,a < ^^^^^^f- 
N3 « N < N2 < Ni: In this case, make the trivial multiplier estimate, 

l ?^(6 + 6 + e3)-m(aM6) , ^ ^(6 + 6 + 6) ^ 



< 



m{£,i + 6+6 



"T'(6)"T'(6) 

since m(6 + 6 + 6) ~ '"^(6) and m(6) < 1, 

. mj^i + 6 + 6) ^ 1 



rn(6)Tn(6) ^^^71(6)' 
1 < ^ < 1 



m(6)l6ll6l ~ m{N)N\Ci\ ^ N^' 

This uses the fact that m{^)$, is monotone increasing for any s > and 
m{N)N = N. Therefore, 
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Finally, consider the region 

N < N3 < N2 < Ni: Doing the same analysis, 

mjCi + 6 + gs) 1 < 

1611^21161 m(ei)m(6)m(e3) iV3 /• 
Thisisbecausem(^l+6+6) ~ andm(6)|6| > m{N)N, m(6)|6l > 
m(iV)iV. 

+ 6 + 6) 



.V/^/(t, 6)V/n(t, 6)V/u(t, C3)daL}L^ 



This proves the proposition for terms of the form ()4.7p . 
Turning to ([i^O]) . 




'M ^ I I \I{\u{t,x)\'^u{t,x))-\Iu{t,x)\'^{Iu{t,x))\Iu{t,x)Aa{\x-y\)\Iu{t,y)\'^dxdydt. 
Jk 



On |x-2/|<^, 

Aa(x,y) = ir7log(| 



M ^^\x-y\" 
and for large |a; — ?/|, 

Aa{x,y) = 0{ 



x-y\' 
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Therefore, for |a; — y| > 1, Aa(x,y) is uniformly bounded. This bound is 
uniform for M > 1. 

r [ [ \Ii\uit,x)\''u{t,x))-\Iuit,x)\''luit,x)\ 

Jo J J\x-y\>l 

X \Iu{t, x)\\Iu{t, ?/)pAa(x, y)dxdydt 
< sup( / Aa{x,y)\Iu{t,y)\'^dy) 

X J\x-y\>l 

xj J \I{\uit,x)\'^uit,x)) - \Iuit,x)\'^Iuit,x)\\Iuit,x)\dxdt. 



I Aa{x,y)\Iu{t,y)\^ <\\Iu{t,y)\\l,. 

J\x-y\>l 



T 

\I{\u{t,x)\^u{t,x)) - \Iu{t,x)\^Iu{t,x 

\x-y\>\ 



2a„.^ ..^.^....u (4-13) 



X \Iu{t, x) I \Iu{t, y) I Aa(x, y)dxdydt 

< \\uo\\lmu{t,x)\''u{t,x)) - \Iu{t,x)\Hu{t,x)\\LlLl{J,>,Ii?y 

For a fixed x take the region |a; — y| < 1, 

/ Aa(x,y)|/«(i,y)pdy < \\Iu{t,y)\\\4^\og{ )\\Li^^^_y\<^y 

j\x—y\<\ i"'^ y\ 

Since y)||i,4(R2) < ||(V)^/^/u||i,2(R2), therefore, 

sup / /^a{x,y)\Iu{t,y)\^dy < C. (4.14) 

X J 

III \I{\u{t,x)\^u{t,x))-\Iu{t,x)\^Iu{t,x)\\Iu{t,x)\\/^a{x,y)\\Iu{t,y)\^dxdydt 
Jjk J J 

< \\I{\u{t,x)\\{t,x))-\Iu{t,x)\^Iu{t,x)\\^LUJ,><n^)Zi{Jkf < j^ZjiJkf. 
This completes the proof of the proposition. □ 
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5 Proof of Theorem 11.51 



Fix a time interval [0, Tq]. We wish to show that (jl.ip has a solution on that 
time interval. If u{t, x) is a solution on [0, T] then 

I t X 

is a solution on [0, A^T]. Let uo,a denote the rescaled solution at t = 0, and 
let ux{t) be the rescaled solution. 

II"0,a|Ihs(R,2) = A ''||U0||^s(R2). 

UuoWhi < N^''\\uo\\Hs^^2y (5.1) 
Choose A = Co(||no||i^.(R2))iV(^-'*)/* so that 

E{Iuo,x) = \. 

5 

We now wish to prove E(lu\(€)) < 1 on [0, A^Tq]. 



Next, define a subset of [0, A^Tq], 

FT = {t: Eiux{t)) < ^}. (5.2) 

By the fixed time estimate (|2.4p . |£'A(n(0)) — E\{lu{0))\ < ej^^^ assume 
^(■ua(O)) < I since E{lux{0)) < |, therefore, G Ft- Furthermore, Ft 
is closed in [0, X^Tq] by the dominated convergence theorem. It remains 
therefore to show Ft is open in [0,X^To]. UE{ux{t)) < f on [0,r'], then for 
some 6 > 0, E{u\{t)) < ^ on [0,T'+(5], which in turn implies E{Iux{t)) < 1 
on [0,r' + (5]. 



Because E(Iux{t)) < 1 on [0, T' + 5], by the Sobolev embedding theorem 
\\Iux{t,x)\\i^i ([o,t'+(5]xr2) is finite. Next apply the local well-posedness the- 
orem [231 If \\Iux\\lI^{j^x-r?) < e and ||(V)/no,A|lL2(R2) < 1, then 

Z{Jk,ux)<C. (5.3) 
The interval [0, T' + 6] can be partitioned into 



II^^aII; 



([0,T'+5]xR2) 
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pieces Jk such that Z{Jk) < C. Next, apply the almost Morawetz inequality. 



k 

<C'X^I%'\\\uo\\\2 + \\u4l2 sup E{Iux{t)) + ^:^\\Iux\\l. 

[O.T'+5] e 



t.x 



(5.4) 

so for s > 1/4, choosing sufficiently large, 

Therefore, the remainder can be absorbed into the left hand side and 

II^^A|li4^([o,T'+5]) < 2C'\^'%'\\\u4l2 + llnolli.). 
Partitioning [0,r' + 5] into '^X^'^T^/'^{\\uo\\\2 + \\uo\\\2) pieces, 

sup \E{uxm <i: + ° 4L • 5.5 

Taking N{To, ||no||2) sufficiently large, this implies Ft = [0, A^Tq]. 
Proof of Theorem \1.5[ Let 

This implies 

3 

sup E{ux{t)) < -, 

[0,A2To] 

which in turn implies E{Iux{t)) < 1 on [0,A^To]. Splitting the solution 

Ux{t) = P<NUx{t) + P^NUxit), 

ll-P<Af'"A||/f«(R2) < ||/ArnA||/^i(R2) < E{Iux{t)), 
\\P>NUx\\H=(ji?) < N'-^\\Inux\\h^r^) < N'~^EiIuxit)), 
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which proves that 

Finally, A = CqN » = C(mo)Co(||tto||_ff'')?o*° ^ , so rescahng back, 

sup \\u{t)\\Hs(n-^) < C(mo)Co(||uo||/^.(R2))r^fe^+. 

te[o,T] 

This proves the theorem. □ 
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